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a b s t r a c t
The aim of this paper is to apply the homotopy perturbation method (HPM) to solve the
Zakharov–Kuznetsov ZK(m, n, k) equations. The two special cases, ZK(2, 2, 2) and ZK(3,
3, 3), are chosen to show the ability of the method. General formulas for the solutions of
ZK(m, n, k) are established. The results reveal that themethod is very effective and simple.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The homotopy perturbation method is a powerful and efficient technique for finding solutions of nonlinear equations
without the need of a linearization process. The method was first introduced by He in 1998 [1,2]. HPM is a combination of
the perturbation and homotopy methods. This method can take the advantages of the conventional perturbation method
while eliminating its restrictions. In general, this method has been successfully applied to solve many kinds of linear and
nonlinear equations in science and engineering by many authors [1–4].
In this paper the applied homotopy perturbation method (HPM) is used to solve the Zakharov–Kuznetsov ZK(m, n, k)
equations of the form
ut + a(um)x + b(un)xxx + c(uk)yyx = 0, m, n, k 6= 0, (1)
where a, b, c are arbitrary constants and m, n, k are integers. This equation governs the behavior of weakly nonlinear ion-
acoustic waves in plasma comprising cold ions and hot isothermal electrons in the presence of a uniformmagnetic field [5].
The ZK equationwas first derived for describingweakly nonlinear ion-acousticwaves in stronglymagnetized lossless plasma
in two dimensions [6].
Two special equations are ZK(2, 2, 2) and ZK(3, 3, 3), with specific initial conditions.
2. The homotopy perturbation method (HPM)
To illustrate the basic idea of this method [1,2], we consider the following general nonlinear differential equation:
A(u)− f (r) = 0, r ∈ Ω, (2)
with the following boundary conditions:
B(u, ∂u/∂n) = 0, r ∈ Γ , (3)
where A is a general differential operator, B is a boundary operator, f (r) is a known analytical function andΓ is the boundary
of the domainΩ .
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The operator A can be decomposed into a linear part and a nonlinear one, designated as L and N respectively. Hence
Eq. (2) can be written as the following form:
L(u)+ N(u)− f (r) = 0.
Using the homotopy technique, we construct a homotopy v(r, p) : Ω × [0, 1]→ Rwhich satisfies
H (v, p) = (1− p) [L(v)− L(u0)]+ p [A(v)− f (r)] = 0 (4)
where p ∈ [0 , 1] is an embedding parameter and u0 is an initial approximation of Eq. (2) which satisfies the boundary
conditions. Obviously, from Eq. (4) we will have
H(v, 0) = L(v)− L(u0) = 0,
H(v, 1) = A(v)− f (r) = 0.
On changing the value of p from zero to unity, v(r, p) changes from u0(r) to u(r); in topology this is called deformation,
and L(v)−L(u0) and A(v)− f (r) are called homotopic. Due to the fact that p ∈ [0, 1] can be considered as a small parameter,
we consider the solution of Eq. (4) as a power series in p as follows:
v = v0 + pv1 + p2v2 + · · · , (5)
and setting p = 1 results in the approximation solution for Eq. (2)
u = lim
p→1 v = v0 + v1 + v2 + · · · .
3. Examples
To illustrate the capability and reliability of the method, two examples are presented.
Example 1. Consider the ZK(2, 2, 2) equation in the following form [7]:
ut + (u2)x + 18
(
u2
)
xxx +
1
8
(u2)yyx = 0, u (x, y, 0) = 43λ sinh
2 (x+ y) , (6)
where λ is an arbitrary constant.
To solve Eq. (6) by means of the homotopy perturbation method, we construct a homotopy in the following form:
H(v, p) = (1− p)
[
∂v
∂t
− ∂u0
∂t
]
+ p
[
∂v
∂t
+ ∂
∂x
v2 + 1
8
∂3
∂x3
v2 + 1
8
∂
∂x
∂2
∂y2
v2
]
= 0. (7)
Consider u(x, y, 0) = 43λ sinh2(x+ y) as an initial approximation that satisfies the initial condition. Substituting Eq. (5)
into Eq. (7) and equating the terms with identical powers of p, leads to
p0 : ∂v0
∂t
= ∂u0
∂t
, v0(x, y, 0) = 43λ sinh
2(x+ y)
p1 : ∂v1
∂t
= ∂
∂t
u0 − ∂
∂x
v20 −
1
8
∂3
∂x3
v20 −
1
8
∂
∂x
∂2
∂y2
v20, v1(x, y, 0) = 0,
p2 : ∂v2
∂t
= −2 ∂
∂x
v0v1 − 14
∂3
∂x3
v0v1 − 14
∂
∂x
∂2
∂y2
v0v1, v2(x, y, 0) = 0,
p3 : ∂v3
∂t
= −2 ∂
∂x
v0v2 − ∂
∂x
v21 −
1
4
∂3
∂x3
v0v2 − 18
∂3
∂x3
v21 −
1
4
∂
∂x
∂2
∂y2
v0v2 − 18
∂
∂x
∂2
∂y2
v21, v2(x, y, 0) = 0
....
(8)
Successive solving of Eq. (8) yields
v0(x, y, t) = 43λ sinh
2(x+ y),
v1(x, y, t) = −2249 λ
2 sinh3(x+ y) cosh(x+ y)t − 32
3
λ2 sinh(x+ y) cosh3(x+ y)t,
v2(x, y, t) = −6427λ
3(1200 cosh6(x+ y)− 2080 cosh4(x+ y)+ 968 cosh2(x+ y)− 79)t2,
v3(x, y, t) = −4096243 sinh(x+ y) cosh(x+ y)(23800 cosh
6(x+ y)− 42900 cosh4(x+ y)
+ 22665 cosh2(x+ y)− 3142)λ4t3
....
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Therefore, the solution of Eq. (6) when p→ 1 will be as follows:
v(x, y, t) = 4
3
λ sinh2(x+ y)− 224
9
λ2 sinh3(x+ y) cosh(x+ y)t − 32
3
λ2 sinh(x+ y) cosh3(x+ y)t
+ 64
27
λ3(1200 cosh6(x+ y)− 2080 cosh4(x+ y)+ 968 cosh2(x+ y)− 79)t2
− 4096
243
sinh(x+ y) cosh(x+ y)(23800 cosh6(x+ y)
− 42900 cosh4(x+ y)+ 22665 cosh2(x+ y)− 3142)λ4t3.
Example 2. Consider the ZK(3, 3, 3) equation in the following form [7]:
ut + (u3)x + 2
(
u3
)
xxx + 2(u3)yyx = 0, (9)
subject to the following initial conditions:
u (x, y, 0) = 3
2
λ sinh2
[
1
6
(x+ y)
]
.
To solve Eq. (9) using the homotopy perturbation method, we construct a homotopy in the following form:
H(v, p) = (1− p)
[
∂v
∂t
− ∂u0
∂t
]
+ p
[
∂v
∂t
+ ∂
∂x
v3 + 2 ∂
3
∂x3
v3 + 2 ∂
∂x
∂2
∂y2
v3
]
= 0. (10)
Consider u(x, y, 0) = 32λ sinh
[ 1
6 (x+ y)
]
as an initial approximation that satisfies the initial condition. Substituting
Eq. (5) into Eq. (10) and equating the terms with identical powers of p leads to
p0 : ∂v0
∂t
= ∂u0
∂t
, v0(x, y, 0) = 32λ sinh
[
1
6
(x+ y)
]
p1 : ∂v1
∂t
= − ∂
∂x
v30 − 2
∂3
∂x3
v30 − 2
∂
∂x
∂2
∂y2
v30, v1(x, y, 0) = 0,
p2 : ∂v2
∂t
= −3 ∂
∂x
v20v1 − 6
∂3
∂x3
v20v1 − 6
∂
∂x
∂2
∂y2
v20v1, v2(x, y, 0) = 0,
p3 : ∂v3
∂t
= −2 ∂
∂x
v20v2 − 3
∂
∂x
v0v
2
1 − 6
∂3
∂x3
v20v2 − 6
∂3
∂x3
v0v
2
1 − 6
∂2
∂y2
∂
∂x
v20v2 − 6
∂2
∂y2
∂
∂x
v0v
2
1, v2(x, y, 0) = 0
....
(11)
Successive solving of Eqs. (11) yields
v0(x, y, t) = 32λ sinh
[
1
6
(x+ y)
]
,
v1(x, y, t) = −3λ3 sinh2
[
1
6
(x+ y)
]
cosh
1
6
[(x+ y)] t − 3
8
λ3 cosh3
[
1
6
(x+ y)
]
t,
v2(x, y, t) = 9128 tλ
3
(
135tλ2 sinh
1
6
(x+ y) cosh4
[
1
6
(x+ y)
]
− 153tλ2 sinh
[
1
6
(x+ y)
]
cosh2
[
1
6
(x+ y)
]
+ 24tλ2 sinh
[
1
6
(x+ y)
]
− 72 cosh3
[
1
6
(x+ y)
]
+ 56 cosh
[
1
6
(x+ y)
])
,
v3(x, y, t) = − 11024 t
2λ5
(
287469tλ2 cosh7
[
1
6
(x+ y)
]
− 587592tλ2 cosh5
[
1
6
(x+ y)
]
+ 362511tλ2
× cosh3
[
1
6
(x+ y)
]
− 61784tλ2 cosh
[
1
6
(x+ y)
]
− 50220 sinh
[
1
6
(x+ y)
]
cosh4
[
1
6
(x+ y)
]
+ 45360 sinh
[
1
6
(x+ y)
]
cosh2
[
1
6
(x+ y)
]
− 5220 sinh
[
1
6
(x+ y)
])
....
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Therefore, the solution of Eq. (6) when p→ 1 will be
v(x, y, t) = 3
2
λ sinh
[
1
6
(x+ y)
]
− 3λ3 sinh2
[
1
6
(x+ y)
]
cosh
[
1
6
(x+ y)
]
t − 3
8
λ3 cosh3
[
1
6
(x+ y)
]
t
+ 9
128
tλ3
(
135tλ2 sinh
[
1
6
(x+ y)
]
cosh4
[
1
6
(x+ y)
]
− 153tλ2 sinh
[
1
6
(x+ y)
]
cosh2
[
1
6
(x+ y)
]
+ 24tλ2 sinh
[
1
6
(x+ y)
]
− 72 cosh3
[
1
6
(x+ y)
]
+ 56 cosh
[
1
6
(x+ y)
])
− 1
1024
t2λ5
×
(
287469tλ2 cosh7
[
1
6
(x+ y)
]
− 587592tλ2 cosh5
[
1
6
(x+ y)
]
+ 362511tλ2 cosh3
[
1
6
(x+ y)
]
− 61784tλ2 cosh
[
1
6
(x+ y)
]
− 50220 sinh
[
1
6
(x+ y)
]
cosh4
[
1
6
(x+ y)
]
+ 45360 sinh
[
1
6
(x+ y)
]
cosh2
[
1
6
(x+ y)
]
− 5220 sinh
[
1
6
(x+ y)
])
.
4. Conclusion
In this work, we have successfully developed HPM to obtain an approximation to the solution of the Zakharov equation.
It is apparent that this method is a very powerful and efficient technique. The results obtained demonstrate the reliability
of the algorithm and its applicability to some partial differential equations.
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